In this paper, we present some new Volterra-Fredholm-type discrete fractional sum inequalities. These inequalities can be used as handy and powerful tools in the study of certain fractional sum-difference equations. Some applications are also presented to illustrate the usefulness of our results.
Introduction
It is well known that Gronwall-Bellman-type inequalities and their various generalizations have historically great importance in the qualitative analysis of differential equations, difference equations, and fractional differential equations. During the past few years, there are a lot of mathematical results about the generalized Gronwall-Bellman-type inequalities and their applications (see, e.g., [-] and the references therein).
Recently, there has been an increase in study in the theory of discrete fractional calculus, and many interesting researches have been devoted to many topics of the fractional difference equations (see, e.g., [-] and the references therein). However, compared with integer-order equations and fractional differential equations, Gronwall-Bellman-type inequalities for discrete fractional calculus receive less attention (see, e.g., [-] and the references therein).
In this paper, we employ the Riemann-Liouville definition of the fractional difference initiated by Miller and Ross [, ] , and developed by Atici and Eloe [-, ] to establish some Volterra-Fredholm-type discrete fractional sum inequalities, which are generalizations of Gronwall-Bellman forms. These inequalities can be used as handy and powerful tools in the analysis of certain classes of Volterra-Fredholm-type fractional sum-difference equations.
The paper is organized as follows. Some important definitions and results on discrete fractional calculus are collected in Section . Some new nonlinear Volterra-Fredholmtype discrete fractional sum inequalities are presented in Section . In the last section, as an application of the inequalities obtained, the boundedness and uniqueness of the solutions of certain Volterra-Fredholm fractional sum-difference equation are established.
Preliminaries
Throughout this paper, we denote N t = {t, t + , t + , . . .}, I t = [t, T] ∩ N t , where t ∈ N t , and T ∈ N t is a constant. Let R + = [, ∞), and n s=k f (s) =  for k > n. Denote by C i (M, N) the class of all i times continuously differentiable functions defined from a set M into a set N for i = , , . . . . As usual, let z be a real-valued function on N t , and the difference operator on z be defined as z(n) = z(n + ) -z(n), n ∈ N t . Next, we list some important definitions and results on discrete fractional calculus.
Definition . ([])
Let a be any real number, α be any positive real number, and σ (s) = s + . The α-th fractional sum (α-sum) of f is defined by
Here f is defined for s = a (mod ), and -α a f is defined for t = a + α (mod ); in particular, -α a maps functions defined on N a to functions defined on N a+α . We recall that the falling factorial is defined as t (α) = (t+) (t-α+) .
Definition . ([])
The μ-th fractional difference is defined as 
where
For other important properties on the discrete fractional calculus, we refer the reader to [, , ].
Main results

Theorem . Assume that
By the definitions of F(s, n) and t (α) we can easily get that F(s, n) is decreasing in n for each s ∈ N  . So from a straightforward computation, for n ∈ I α , we obtain that
Using the monotonicity of z, we deduce
So from (.) and (.) we have
On the other hand, by the mean value theorem we obtain
So from (.) and (.) we obtain
Setting n = s in inequality (.) and summing with respect to s from α to n -, we get
Then from inequality (.) we conclude that
By (.), (.), and (.) we get
Hence, in view of (.), we obtain
where A(T) is defined as in (.). From (.) and (.) we get
Using (.) and (.), we obtain
If k = , then we carry out the above procedure with ε >  instead of k and subsequently let ε → . This completes the proof. 
where f : N  → R + is a function such that both g and h are less than or equal to f , and ϕ - , - , - are the inverse functions of ϕ, , , respectively.
Proof Let k > . From the assumptions on g, h, ψ i (i = , ) and (.) we have
By the definitions of F(s, n) and t (α) , we can easily get that F(s, n) is decreasing in n for each s ∈ N  . So from (.) and a straightforward computation, for n ∈ I α , we obtain that
Using the monotonicity of ϕ - and z, we deduce
So from (.) and (.) we have
On the other hand, by the mean value theorem and the monotonicity of ϕ - and ψ we obtain
So from (.) and (.) we obtain
Setting n = s in inequality (.) and summing with respect to s from α to n -, we get
Then from inequality (.) we conclude that
By (.) we get that
and then from (.) and (.) we have
Since (t) = (t -k) -(t) is increasing for t ≥ k, and has an inverse function - , from (.) we get
Combining (.) with (.), we obtain the desired inequality (.). If k = , then we carry out the above procedure with ε >  instead of k and subsequently let ε → . This completes the proof.
For the particular case ϕ(u) = u and ψ  (u) = ψ  (u) = u, Theorem . gives the following discrete fractional sum inequality.
Corollary . Let α, u, and k be defined as in Theorem ., and f : N
Proof From the definitions of and , letting ψ(u) = u, we obtain
and hence - (r) = r  exp(r) and - (t) = k -exp (t) . From inequality (.) we obtain inequality (.). 
Theorem . Assume that
where f : N  → R + is a function such that both g and h are less than or equal to f , and ϕ - , G - , and - are inverse functions of ϕ, G, and , respectively.
Proof Let k > . From the assumptions on g, h, ψ i (i = , ) and (.) we have
By the definition of F(s, n) and t (α) , we can easily get that F(s, n) is decreasing in n for each s ∈ N  . So from (.) and a straightforward computation, for n ∈ I α , we obtain that
Using the monotonicity of ϕ , ϕ - , and z, we deduce
So from (.) and (.) we have
On the other hand, by the mean value theorem and the monotonicity of ϕ and ϕ - we have, for n ∈ I α ,
So from (.) and (.) we obtain
Setting n = s in inequality (.) and summing with respect to s from α to n -, we get
Now by applying Lemma . to the function ϕ - (z(n -)) we have
and then from (.) and (.) we have
) is increasing for t ≥ k and has an inverse function - , from (.) we get
Combining (.) with (.), we obtain the desired inequality (.). If k = , then we carry out the above procedure with ε >  instead of k and subsequently let ε → . This completes the proof. With respect to the function |u  (n) -u  (n)|, by a suitable application of Corollary . to (.) we can deduce that |u  (n) -u  (n)| ≤ , which implies u  (n) ≡ u  (n). The proof is complete.
